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Suioinary 


« 


*  A  partloular  stratified  medium  Is  ooa8lder|d«  constituted 
by  a  number  of  thin»  plane«  parallel  and  equlspaoed  metallic  films. 

Ihe  spMlivg  between  the  films  Is  filled  with  a  perfect  ^leleotrlo. 

A  charged  particle «  In  unli^rm  straight  motion  goes  through  the  struc¬ 
ture,  normally  films.  Xhe  velocity  of  the  particle  Is  above 

the  derenhov  threshold  for  the  dleleotrlo.  Ihe  expression  of  the  ra- 
dlatlon  Is  worked  out  as  a  function  of  different  parameters.  The  rat- 
diatlon  pattern  Is  plotted  in  a  nuniber  of  partloular  ol'ses. 


» 


OSSENEOV  RASIATIOH  ?ROU  A  CRARaED  PARTICIiE  IK  UI1I7QSH  STRAIGHT 
MOTION  THROUGH  A  PARTICULAR  STRATIPIEL  MEDIUM.  «  * 


1  -  Introduction. 


In  a  pr|oedlng  Report  (•)  a  particular  stratified  ^edlum 
was  considered I  constituted  by  a  certain  number  N  of  conducting  and 
infinitely  thin  films,  paraifi-el^to  one  another  and  equietpaced  %y  d, 

imbedded  in  a  bomogeneus  medium  with  refractive  index  n  (Pj%.1.1). 

*  * 

B 

n 


•  • 


e  •- 


d- 

% 


•  • 


•  • 


N-i 


flg*1 4l«  Gross  section  of  the  stratified  medium  coi^sidered  in  the 
below- threshold  eye.*  »  *  * 


•  •  • 


A* charged  particle,  in  uniform  straight  motion,  was  assu- 
*  • 
med  to  Impinge  onto  this  structure,  in  a  direction  normal  to  the 

films.  *  >  *  • 

•  « 

The  electromagnetic  field  radiated  by  the  particle  was 
•  .  * 

e3q>anded  in  a  continuous 'set  of  time-harmonics.  The  gain  over  the 

(  »  o  ® 

case  of  a  single  film  with  infinite  conductivity  was  evaluated  as 

*  Sk 


(**)  R.PRATESI,  L.RONOHI,  A.M.SCHEGGI,  G.TORAIDO  di  PRAHCIA:  Radian 
tion  from  a  Charged  Particle  in  Uniform  Straight  Motion  through  a 
Particular  Stratifield  Medium  -  T.N.  No.1,  Grant  6^103  (Centro, 
Microonde),  1962  -  see  also,  Ni^ovo  Cimento,  25.,  756  (1962).  » 
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a  function  1)  of  the^ wavenumber  k,  2)  of  the  parameters  of  the 

structure  N,  d,  ^ »  where  '^denotes  surface  conductivity  of 

the  films  and  3)  of  the  velocity  of  the  particle  v  =  cp.  However 

the  discussion  was  limited  to  the  casi  below  the  Cerenkov  thre- 

•  • 

•  shold  for  the  refractive  index  n,  namely  Pn^. 


In  the  present  report  we  will  consider  the  case  above 
»  • 


threshold 


(1.1) 


Pn>1 


*  The  layered  structure  and  the  dielectric  will  be  assumed  to  be 

bounded  by  empty  space,  both  on  the  input  and  output  side  (Fig. 1.2). 


,  Pig.i.^  -  Cross  section  of  the 
*  above- vlireshold  case. 


2 . 

stratified  medium  considered  in  the 


•  Such  a  system  may  be  useful  for  the  production  of  milli- 

metric  and  submlllimetric  radiation,  with  better  results  than  with 
a  single  film.  The  latter  case  has  been  recently  reported  in  the 

2  M 

Literature  (  ).  *  ®  • 


2  -  The  field  of  the  particle  in  an  infinite  dielectric. 

As  is  well  known  (see  for  example  Ref.1),  a  charged 


{  )  B.W.HAKEI,  H.J.KRUMME;  PROC.I.R.E.,  1334  (1961) 


0 


particle  in  uniform  straight  motion  gives  rise  to  a  current  vrhloh 
In  cylindrical  coordinates  (pfZ)i  Is  represented  by 

(2.1)  J  -  I  ^  ^^(2  -  t)  , 

?diere  e  Is  the  charge,  z  the  coordinate  along  the  path  (z"*0  for  t>0) . 
By  expressing  ^(z/v  -  t)  as  a  Fourier  integral,  one  finds  for  the  ^ 
harmonldi corresponding  to  the  frequencji^u  >■  ck,  the  follovlng^ezpres- 


slon: 


•  (2 


•2)  ,  J, 


exp(lkz/p)< 


The  usual  convention  Is  mad^of  assuming  the  tlme-ftpendence 
exp(>l«i)t^and  taking  the  real  part  of  ^oiopl^x^guantltles. 

•  The  vector  potential  A(p,z)  due  to  harmonic  (2.2)  can 
®  he  expressed  as  * 


(^3) 


^^0  ® 

A(p,z)  »  — >  f(p)  exp(lkz/p)  • 
2*^  •  • 


i^ere  Z  Is  the  free-spaoe  laipedance^and  f(p)  satisfies  the  folio* 
wing  equation  *  •  * 


... 


^2 


This  equation  Implies  that  f  should  present  a  logarithmic  slngu^ 


larity  for  p  ■  0^} 


•  •  •  • 


•  •  V  *  •  • 

(^)  J.T.  JELLS?  ' 'Cerenkov^Radlatlon  and  Its  A^llcatlons '  * ,  Perga- 

•  men  Press,  New  Tork  1958,  p.17.  • 
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To  be^in  with,  in  order  to  avoid  divergent  integrals, 
it  will  he  expedient  to  consider  the  refractive  index  n  between 

a/ 

the  films  as  a  complex  quantity 9  which  will  he  denoted  hy  n  : 

m 


(2.5) 


<N# 

n 


n^  +  i  ni 


9 


# 


with  n  ,  n.  real  and  positive.  This  amAints  to  the  same  as  assu- 

^  ^  •  •  • 

ming  that  the  medium  should  present  conductivity.  The  case  with 
n  real  will  bg  obtained  by  making  the  ^nductivity  or  n^  to  vap- 
nish.  Accordin^y,  we  will  consider  n^  as  small  gith  respect  to  ® 
unity.  *  ^  •  ♦  m 

%  ^  #  A 

In  general,  if  n  is  complex,  TOe  solution  of  (2.4)  sa^^ 

•  tiafying  ill  requirements^(radiation  condition  at  infinity,  logar- 

rithmic  singularity  at  p  *  0)  may  be  ?quivalently  expressed  in 

terms  of  the  modified  Bessel  fiinction  Z  or  oj^  the  Hankel  function  . 

(1)  ° 

of  ^he  fj^st  kind  '.It  will  be  expedient  for  us  to  use  the 
function,  *and  write  the  solution  o?  (2.4)  the  form: 


# 


(•> 


•  « 


# 

»  • 

#•  • 


•  • 

•  • 


(2.6) 


(2.7) 


•  r 


Prom  (2.5)  it  follows  that 


(2.8)  * 

•• 


f (p)  -  K^(kpn  V  ) 

'W 

t 

• 

•  ••• 

♦  » 

•  & 

/  ® 

•  m 

w 

1/  T2"'2  ~ 

Re(  t  )  ^^^  0 

V 

m 

that  0 

• 

m 

Imf  )  4  0 

• 

• 

•  • 

• 
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• 

% 

• 

•• 

*- 

m 


•  • 


m 


It  will  be  noted  that  for  Im(n)  /  0,  Re(n  )  >  0.  Por  Im(n)  ■  0, 
and  p  Be(n)  ^  1,  t'n  equala  the  quantity  a  Introduced  ln^Eef*1» 
Prom  (2«3)t  (2.6)^  by  standard  methods f  one  derives  the 
expressions  for  the  electromagnetic  fields t 

in 

ecktZ. 


(2.9) 


— « — 
2n^pn 


H 


K.(kn^'p)l  -  InS^p  K  (IrntTp)!  (  exp(lkz/p) 

1  — p  0  I 

w 

z^(kn  t'p)  exp(lkz/pR  » 


# 


iftiere  denotes  the  m^lfled  Bessel  function  of  firs'?  order;  aoid 

1  I  1  ;  1  represent  unit  vectors  In  'the  directions  of  the  coordl- 
-p  -rp  -z 

nate  lines •  ^ 

In  'the  absence  of  the  perlodic^struoture  described  In 
sec«1»  the  toted  field  Is  expressed  by  (2.9)  with  n  >  1.  ]^r  ^ 

n  «  1 ,  -the  quantity  V  txirns  out  to  be  real  and  positive  and  will 
be  denoted  by  Thus  the  field  In  empty  space  wotild  be  ezpre»> 
sed  by  •  •  *  ^  ^ 


•  • 


# 


•  ••*eckt^.Z  r 

B'(p,z)  =  — - - 2  e^(ikz/p)  K  (k  T.p)i 

2k  P  L  •  • 


(2.1<S 


-  I  T,p  1^(2 


» 


-  •  ect  tr .  O  ^ 

•h»(p,z)  - » —  e3cp(ikz/p)  K  (k  r  p)i 

•  2 

a  •  •* 

^  The  quantity  t  fo^  a  dielectric  wi-th  complex  refractive 

*index  n,  tums*out  to  be^complex,  with  positive  reed  psurt  scad  ne¬ 
gative  imaginary n> art.  It  will  be  denoted  by  t'  .  ^  ^ 


^  a 


-  5  - 

e 


m 


•  s 


a 
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3  -  Hie  floattered  field. 

The  scattered  field,  superimposed  on  the  particle  field, 
will  be  evaluated  by  taking  Into  account  the^bcundary  conditions 
on  each  film. 

The  boundary  conditions  can  be  satisfied  by  assuming  the 
scattered  field  to  ^onslst  of  two  sets  of  progressive  and  regressi¬ 
ve  •conical*  TM-^ves.  In  the  general  case  of  a  complex  refractive 

index  n,  a  progressive  conlceLl  TM-wave  will  be  expressed  by 

e 

E^(p,z)  »  P(0)  exp(ikn2  cos  0)  j^os  Q  J^(knp  sin  0)  ip  + 


(3.1) 


+  i  sin  Q  J  (knp  sin  0)  1„  1 
o  j 

Z^H^(p,z)  =  P(0)  n  ftp(iknz  cos  0)  J^(knp  sin  0)  i 


and  a  regressive  conical  TM-wave  will  be  expressed  by 


E^(p,z)  =  H(0)  exp(-iknz  cos  Q)  [cos  0  J.(knp  sin  0)  1  - 

•  L  ■  “p 

(3.2)  -  1  sin  0  J^(knp  sin  0) 

Z^ff'^(p,z)  “  -  R(0)  n  exp^iknz  cos  Q)  J^(knp  sin  0)  i  ^ 


•• 

wher^  J^,  denote  tl®  Bessel  functions  of  zero  and  first  order  re¬ 
spectively. 

*  In  both  (3.1)  and  (3.2),  0  is  either  a  real  angle  compri¬ 

sed  between  0  andtn/^,  or  a  complex  angle  (evanescent  waves)  sati¬ 
sfying  the  following  relations;  • 


(3.3) 


Re(n  cos  0)^  0, 


Im  (n  cos  0)^  0 


In  order  to  satisfy  the  boundary  conditions,  we  will  as- 


some  that: 

1)  before  the  input  surface  (z  <0)  the  total  field  is  given  by  the 
particle  field  g' ,  H'  (2.10),  plus  a  set  of  regressive  conical  war* 
ves.  Precisely: 


(3.4) 


^E(p,z)  »  E'(p,z)  +  ^(piZ) 
H(p,z)  «  H»(p,z)  +  B^(p*z) 


where,  according  to  (3*2), 

E^  *»  i  I  R  (O')  cos0'*e3qp(-ikz  cpsO')  J,(kp  sinO')  dO'  - 

*“P  Jq  0  *  I 

V 

(3*5)  -  i  i^  I  R^(O')  sinO'  exp(-ikz  cosO')  sinO')  dO' 

•J  d  ^ 


Z  r  «  -  i 

0—0  “tp 


E^(O')  exp(-ikz  cosO')  J^^p  sinO')  dO* 


with  the  conditions 

»  •  • 

^  Re ( CO  sO  ‘)^0  ,  Iai(cosO' )  ^  0. 

•  *••••  • 

The  path  of  the  integration  will  be  ftiosen  in  a  suitable  way.  ^ 

2)  after  the  output  surface  (z  >  (N-1)  d),  the  total  field  is  given 
by  the  particle  fieldfE' ,  H' ,  expressed  by  (2.10),  plus  a  set  of 
•progressive  coniceJ.  waves.  Precisely: 


E(p,z)  •^'(p.z)  +  »,(p^9) 


(3,6) 


H(p,z)  »  I^(p,z)  +  ^(p,z) 


where,  according  to  (3.1),  •< 


•  • 


^  ■  ip  j  cosO*  e:q>(llcz  cos6')  J^(lcp  sloO')  dO*  + 

“  ^n.4 


(2.7)  +  i  I  sinO'  expCiJcz  cosO’)  sinO')  dO*  t 


■K-4 


■  I  exp(ikz  oobO')  J^(lcp  sinO')  dO*  i 

wltli  the  conditions 


Re(cosO’)  ^  0 


Itii(cosO' )  ^  0 


s 


and^itahle  path  ^  O  ^ 

3)  the  field  hctYieen  any  two  consecutive  films >  say  the  fllnLS  nuoH 
her  m-1  and  number  mp  is  constituted  by  the  particle  field  E*, 
given  by  (2.9)  with  n  ■  n,  t"  *  ,  plus  a  set  of  progressive  and 

a  set  of  regressive  conical  waves.  Preo^^sely^for  (nH*1)  d  <  z  <  mdy 


(3.8) 


E(p,z)  ■  E«(p,z) 


H(p,z)  ■  H«(p,z)  + 


with 


(3.9) 


E  ,  »E^  -^E-" 

“Tn-i  ym  -m  #—111 


H  .  ■#+ 

-Ttt-1  ,m  -m  -m 


and 


•  • 

•  •  • 


_  8  - 


* 


/ 


““  ”P  J 


P  (^)  oobO  erp (ikna  cosO)  J.(]aip  sinO)  + 

&  > 


(3.10) 


cobQ)  J  (knp  slziO)  dO  , 
0 


Z  #  • 
0  m 


Y 

+  i  1_  '  Y  '  -  ir'pfiknz  o 

rp  (iknz  cos  fi)  (Icnp  slnO)  dO 


if  a  i 
-m 


V- 


i  R  (0)  cos©  exi)(-iknz  cosO)  J.(lcnp  sixiiO)  dO  - 
"■p  a  I 

A 


(3.11) 


-  i  i 
— z 


l,v«>  sinO  exp(-iknz  cosO)  J^(knp  sinO)  dO  , 


X 


m. 


Z  “  -n  i  f  R  (0)  exp(-ikSz  EOsO)  J, (knp  sinO) |dO 

0“m  “Tp  1  ' 


Conditions  (3*3)  are  expressed^y 


Re(n  cosO)  >  0 


Im(n  cosO)  ^  0 


Thus  the  problem  of  satisfying  the  boundary  conditions 

reduces  to  determining  the  complex  amiplitudes  V 

well  as  the  integration  paths  . i  C  ,  C •  . 

0  r«“i  m  m 

By  denoting  with  subscript^  the  tangential  con^onents, 
^and  by  taking  into  aecount  (3*4),  (3*6),  (3.8)»  the  boundary  condi¬ 
tions  read  at  0: 


(3.12) 


(§•),  +  -  (S”),  * 

(HM,  MsJ),  J- 


(!•)+  +  (sf). 


't  "  '=o't 


-  9  - 


9 


at  z  ■  md,  (m  0,  m  /  N-1): 


(3.13) 


at  z  ■  (N-1)d: 

(3.14)  r  -j 

(S">t  ♦  <5K-2.H-1>t  -  -  ‘!§)t  -  r  L 


Let  U3  first*coixsider  EqLd.(3.13)  which  hy  (3.9)  can  he  rewritten  as 


(3.15) 


-  <4i>t  ♦  'Ci)t 


In  order  to  suitably  transform  (3.15)  we  will  use  the 


formula  (^) 


(3.16) 


oO 


J.(ax) 

r-  dX 


m  v-m  _  f _ » 

V  ■  ^  ^  W“> 


7T'5:e+v 

(x  +z  ) 


2'^m! 


which 


holds  for  a  ^  0,  Re(z)  >  0  and  —1  ^  Re(v)  2m  +  3/2. 


(^)  S.N.WATSORs  Theory  of  Bessel  Functions,  (Cambridge  University 
Press,  1958),  p.  425,  Eq.4.  • 


-•io- 


O 


By  patting  v^1ia"0,  a*  Icp*  z«  n  t  »  x  ■  eixiO* , 
Eq.(3.l6)  gives 


(3.17)  K,(knrp)--~- 

’  t  J 


OO 

(  2 

ain‘‘9'  J^Clcp  slnO') 


— n: 


sin‘Q.  7¥W 


d  sinO' 


If  in  (3*17)  we  change  the  variable  sinA*  into  the 
variable  A  defined  by 


(3.18)  sinA  »  ^sinA'  ,  Re(n  cosA)  ^  0  ^  Iin(n  cosA)  ^  0 

n 

the  new  integration  path  in  the  complex  A-tplane  becomes  the  line  C 
defined  by  (3.18)  and  sinA'  >  0-  By  putting  A  «  x  iy,  it  is  an 
easy  matter  to  find  that  the  equation  of  path  C  in  the  xy  plane  is 


(3.19) 


n 

tan  X  coth  y  •  -  ~ 


The  behavior  of  C  is  shown  in  fig.3t1*»  idiere  x^  ■  arcteua  (n^/n^) 
epresents  an  < 

^  -  axis  at  0. 


represents  an  asynq>tote,  and  x^  is  the  angle  made  by  C  with  the 


t 


♦ 


V 


IhuB  Bq..(3«17)  may  be  rewitten  as 


(3.20)  K^(lm?p) 


V 


I 


sln^O 


J^(kpu  siiiO)  oosO  dO 


Now  both  paths  0  and  O'  appoe-ring  in  (3.10)  (3»11)  will 
mm 

be  taken  to  ooinoide  with  0  for  all  values  of  m^O,  N-1.  Ihen  Bqs. 
(3.15)  turn  out  to  bo  satisfied  when  the  following  relations  are 
satisfied t 


(3.21) 


'.r  -  =.r“  '*..^i  r  * 


vixere  we  put 


(3.22) 

(3.23) 

(3.24) 

(3.25) 


■  exp(i'p) 

sJJz 


y'-  kdn  coaO 


cosO 


2n 

^  eok  Z 
F  • 


0  sin  0 


2ii^Pn  sin^O 


e  ■  erp(i  ) 


kd/p 


Relations  (3.21)  are  forma^y  equal  to  the  analogous  relations 
found  in  Ref.1.  By  introducing  the  quantities  (see  Ref.1) 


(3.26) 


[v7<’-S  )]7-\ 


•  • 


-  12  - 


#  ,  • 
tf 


tilth 


(3*27)  *1  ■  ^  “  008 f-  ^  ^  •inf  ♦  1  /  (1+<5^)  •in^f  +  1  5  sin  2f 


Sqs*(3*21)  transform  Intot 


ni4-1  1 

S  F  (1-a. 

'  ( 

r'>  e“ 

1 

■ 

•  i 

S  r 

*  / 

e“ 

• 

(3.28) 


Then  I recalling  that  (3*28)  hold  for  m  varying  from  1  to 
N-.2  one  obtains, 


%-1  “ 


N-2  ^  N-2 
e  -a, 


e-a 


(3.29) 


1 


N-2  N-2 


^N-1  ■  “2"^  ^  ®  ^ 


-1  ^  “®2 

.72-^ 


#  Let  us  now  consider  Eqs.  (3.12). 

Quantities  (5')^»  (5')^  are  given  by  (2.10){  (B**)^,  (S")^ 
by  (2.9)}  (^)^.*  (^)t  by  (3.5),  and  finally,  (5oj)^.»  (So^«|)^  by 
(3.10),  (3.11),  through  (3.9),  for  m  ■  0. 

The  function  appearing  in  (2*9)  will  be  transformed 
by  using  (3.20).  In  order  to  write  an  analogous  expression  for  the 
function  appearing  in  (2.10),  we  will  put  in  ^3.16)  v  ■  1,  m  ■  0, 
a  ■  z  X  ■  slnO'i  and  obtain: 


(3.X)  K,(lct,p)  •  1 


V 


slnrO'  J^(3^  sinO')  d  sizvQ' 
sin  O'  ♦  , 

1  A 
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With  the  transformation 


ainO  ■  I  Bind*  ,  Re(n  oosO)  ^0  ,  Iia(n  oosd)  ^  0 

n 

the  right-hand  side  of  (3*30)  becomes 

(3.31)  K^(k  .p)  ■  -  I  — “2--- — -g  J*(knp  sinO)  cosO  d<J 

T  J  gin  0  +  u 

where  C  is  the  same  path  defined (3*18) »  and 


(3.32) 


t-  I  r 

1 

n 


Analogously f  in  E^s.(3.?)  we  will  change  the  variable  O' 
into  the  variable  0  defined  by 


(3.33) 


sinO’  ■  n  ainO 


and  choose  0^  in  such  a  way  that  the  correi^onding  integration  path  • 
in  the  0-plane  coincide  with  C.  turns  out  be  the  path  represen" 
ted  in  ?lg.  3flZ. 


•  ?ig.3.2  -  IQae  integration  path 


Ulus  Eq^8*(3«12)  tom  out  to  be  satisfied  if  the  following 
relations  are  satisfied t 


f  +  nR  -  f  +  P,  ♦R* 

0  II 


(3.34) 

Pn  00  sO 

where 

• 

(3.35) 

eck  Z  n 

7  .  - 5^ 

2w^  p 

(3.36) 

A,  _  oosO 

and  cosO'«  /  1 

-  n^  sin^O  t  B 

sin^O 


Prom  (3*34)  one  derives  the  expressions  of  P^f  R^  in  terms  of  R^* 
Then  the  quantities  p,|t  r^  defined  by  (3*26)  for  m^lt  turn  out  to 
be  given  by 


(3.37) 


where 


♦{  «i7 5  )\  '>,]  *[5  =0  ^ ) j  ”oj 

r,  Oo]  I  I 


00S»/|j  -  rj  ♦  (1-2S)»-?{ 


(3.38) 


B 


■  ^  ^ )  n  - 
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(3.38) 


0  «  F  —  P^'—  A 
0  0 


D  ■  n  -  B 
0  o 


Analogously,  from  (^.14)  one  derives  ® 

N-1^  «  ^N-1  _  ^-(N-1)  N-1  _  ^N-1 

'  'b-I  7  ♦  ®II-l7  "  ^  ^  1  ■ 

(3.39)  -9n  coaO  ="“’(12  -  ?)  ♦  fn.,  ^  J  - 

..•O  O.N-1  N-1  ryN-1  7 

-’1*11  7  1  -  2)[p  e  +  ^Ph  J 

with# 


(3.40)  ®^(i  Y-j) 

Prom  (3.39),  (3*26),  one  finds 


fl 


»  k  d  cosO’ 


(3.41) 


with 


^N-1 


I 


^N-1 
^  1 


A,  -  e^'^A  +  2  ^  P) 


(3.42) 


B. 


N-1, 


C,  -  e"’  '(C 


-  2  J 


P) 


B 
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9 


I 


flntlljri  ooat)lnlng  (3*29)f(3«17)»(3«41)»  vltb  toB*  1b%o» 
rloua  BBnIgnlatlonat  on*  findat 


H  ■ 

0 


.  J  * i»(«^,a)  ^  ^ 

(3.43)  ^  ^  ^  * 

ooaO(f-  e®“^(a^-«2)«n(a^-a2^  + 


■ 


abare 


-  o*-**  ij 


i 

Q-  (f^l,)[l^»,^i(m,)J 

(3.44) 

*  •  ?  (®^)  '  *1  •  s 

1  .:r 


1  f- 


•r  *r 


■l 


-1 


in  andLogoxM  expreaalon  la  found  for  Pj|.  Zt  la  to  ba  notad 
that*  oonaldaring  and  Pj|  aa  funotlona  of  Pt  ’^o  folloulng  r*l»- 
tion  holdat  • 


(3.45) 


P,(P)  -  -  Ro(-P) 
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It  was  to  "be  oa^eoted  that  Pjf(P)  shoxild  have  eg^ual  mo¬ 

dulus  since  opposite  values  of  p  correspond  to  the  particle  tra^* 
veling  into  opposite  directions  (see  also  Hef*1). 

As  a  consequence  we  can  limit  ourselves  to  discussing 
the  values  of  for  both  positive  and  negative  values  of  p. 

lo  summarise t  the  back-scattered  field  is  given  by  (3*5) 
where  Rq(O')  is  given  by  (3*43)*  with  0  expressed  in  terms  of 
according  to  ^3«33)»  and  0^  is"  the  path  shown  in  Fig. 3,2. 


4.1*  Asymptotic  expression  of  the  scattered  field. 

Let  us  first  consider  the  expression  (3»5^of  the  magnetic 


field 


(4.1-1)  H 


.r 


r 

0  J 


R^(fi')  exp(-ik2  cosO')  J^(kp  sinO')  dO* 


The  case  p  >  0  must  be  treated  as  a  limit,  because  the 
treatment  cannot  be  applied  for  p  ■  0  due  to  the  condition  a  >  0 
for  apilyabillty  of  (3»16)«  Let  us  now  put  (Fig. 4.1) 


(4.1-2) 


r  sin^) 

-r  cos^  ^  • 
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and  proceed  to  the  evaluation  of  (4.1.1)  for  a  fixed  value  of  &  >0 
and  r  oo  » 

Since  sinO'  is  real  and  positive  all  alozig  the  integra¬ 
tion  path»  one  can  substitute  (*)  for  into  (4.1-1)  the  first  term 
of  its  asymptotic  expression  obtaining 

(4.1-3) 

ivhere 

(4.1-4) 

(4.1-5) 


with 

Of  course  the  far  field  oan  be  inuaediately  obtained  from  as 
can  also  be  seen  from  (3.5)  (wave  zone). 

As  long  as  we  are  only  Interested  in  the  far  fieldi  the 
integration  path  0^  in  (4.1-4) (4. 1-5)  can  be  r^laoed  by  its  real 


-  Hj(r,e)  -  l,(r,0)  IgCr,©) 


^1-f 


sin@  ->  0 


i 

/  2iik  r  sin  Q 

^  sinO' 

( 

r 

-0 

i 

/2xkr  sln0 

J  j/slnO* 

0  ,  y 

UlnO*  ^ 

ikr  cos 


(e-e>)J 


dO* 


(*)  To  be  precise,  the  asymptotic  expression  of  J.(]£r  Bin@*sinO') 
is  not  appllable  for  sinO'  •  0.  However,  it  may  be  shown  that  the 
error  Introduced  by  using  it  e^.1  along  the  integration  path  may  be 
made  arbitrarily  small.  This  is  essentially  due  ft  the  fact  that 
the  quantity  H  (O')  has  a  second-order  zero  at  O'  *0,  as  will  be 
seen  later.  Accordingly,  if  one  considers  a  small  portion  of  C 
from  O'  ■  0  to  0*  ■  c,  its  contribution  to  the  ^ole  integral  £s 
negligible,  even  if  the  asymptotic  expression  is  substituted  for  J^. 

• 


* 


« 
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portion  from  0  to  ii/2,  since  the  portion  from  7t/2  to  w/2-i  eK>  co>- 
responds  to  an  evanescent  field. 

o  Then  the  integrals  (4.1-4) t  (4.1-5)  may  be  evaluated  by 
applying  the  principle  of  stationary  phase.  However,  one  has  first 
to  investigate  if  there  are  singularities  of  the  integrands  on  the 
path  of  the  integration. 

The  singularities  of  interest  are  the  singularities  at 


finite  distance  of  the  function 


(4.1-6) 


Eo(00 


^  sinO' 


^  0 


It  will  be  useful  to  remember  that  the  quantity  sinO*  is 
real  and  positive  along  the  integration  path,  and  that  the  quantity 
GOsO,  appearing  in  Eq.(3.43)  both  ejiplicitly  and  implicitly  through 
the  functions  ^  ,  pj  ,  P,  P,  ,  Og*  is  defined  by 


(4,1-7)  n  sinO  «  sinO' 


Re(n  cosO)  ^  0 


Im(n  oobO)  A  0 


4.2  -  Branch  points. 

According  to  (4.1-6)  O’  =  0  is  a  branch  point.  Now,  from 

(3.43),  one  sees  that  B  may  be  written  as  a  term  with  P  as  a  factor 

plus  another  term  with  P  as  a  factor.  Por  o'  /  0,  /  0,  both  P  and 

P  contain  the  factor  sin  0  (see  (3.24)  and  (3.35)),  which,  according 

2 

to  (4.1-7),  is  proportional  to  sin  O'.  Consequently,  O'  ■  0  is  a 
second-order  zero  for  R^(O').  It  follows,  as  already  noted  (see 
footnote  at  p.19),  that  the  singulea*ity  at  O'  ■  0  due  to  the  factor 
(sinO')”^^^  of  function  (4.1-6)  is  immaterial  for  our  discussion. 

As  to  the  otheP  branch  points  of  the  integrands,  which 
correspond  to  cosO  «  0,  that  is  to  sinO'  ■  +  n,  they  are  located 
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outside  the  Integration  path  and  all  we  have  to  do  le  to  ohoose  the 
branoh  whloh  oorresponds  to  (4-«1-7).  ' 

4.3  -  Poles.  ^ 

In  order  to  Inwestlgate  the  poles  of  R^(O'),  one  has  to 
Inrestlgate  the  poles  of  the  funotlons  ?  and  defined  by  (3.35) 
and  (3.24)  respeotlvelyy  and  the  seros  of  the  quantity 


(4.3-1) 


N  Hv  N-1  N-K 

Q(o2  -  a^)  -  A(ag  -  ) 


The  value  O'  »  w/2  Is  a  first-order  pole  of  the  numerator 
of  R^y  buty  at  the  same  timSy  It  Is  a  second-order  pole  of  the  de- 
nomlnatory  so  thaty  as  a  whole,^  O'  ■  %/2  Is  a  zero  of  # 

Let  us  now  study  the  poles  of  ?.  Recalling  (3*35)  and 
(4.1-7)y  we  can  write 


(4.3-2) 


eokZ  n  2^ 

0  sin  O' 

1(0 •)  - - - - - ^ 

*0'  +  t* 


2»*p  sin  O' 

Henoey.  the  poles  of  P(0*^)  sure  solutions  of  the  equation 


sin^O'  -  _  «  1 

P 

2 

and  since  1/p  >1y  no  one  of  these  poles  Is  located  on  C^. 

The  poles  of  i^.are  analogously  found  to  be  of  the  first 
ordery  given  by  the  solution  of  the  equation 


(4.3-5) 


>2-1  1  ,  2  2  V 

008  0  ^  — ws^»  ■  f  21  **  II.  *  2^  21  Zl*  J 


Por  Oy  the  solution  of  (4.3-5)  closest  to  has  positive  real 
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and  imaginary  parts*  ?or  0,  this  solution  tends  to  a  point  of 
”0^,  precisely  to  the  value  of  Q*  corresponding  to 

(4.3-S)  0  ■  arccos(l/pn^) 

However,  the  function  of  O'  multiplying  P  in  the  expression  of 
has  a  first  order  zero  at  the  same  value  of  O'  so  that  R  (O')  is 
regulsir  at  the  pole  of  P.  This  fact  allows  us  to  remove  the  as¬ 
sumption  n^  /  0  and  to  consider  directly  the  limiting  case  n^  =  0. 

It  remains  to  examine  the  zeros  of  the  function  (4*3>‘l)* 
Recalling  that  ^  (oee  Eq_.(3.27)),  one  can  put 

(4*3-7)  ■  e^^  ,  Og  »  e"^{ 

with 

(4*^8)  cos  ^  ■  cos  ^  -  i  S  sin 

(4.>-9)  sin  ^  =  i/  (1+  5  sin^Vj/+  2i  ^  sin  cos  ^ 

Without  loss  of  genereO-ity,  one  can  choose 
(4*3-10)  Re(sinp^0 

since,  hy  choosing  Re(8in^)<0,  one  simply  interchanges  and  a^, 
with  no  variation  for  R^(O')*  With  position  (4*>-7),  the  zeros  of 
the  function  (4*>-1)  are  the  solutions  of  the  equation 


(4*3-11) 


Q  sin  N  7  ■  A  sin(N-l) 


A  ilavle  root  oorreaponds  to  sin  ij^  ■  0.  Howovari  8ln;|'  ■  0  Tlalds 
■  a2»  a»d  for  ■  ag  the  numerator  of  yanlaheet  too.  Ao- 
oordlnglyi  there  are  no  poles  of  R^  at  the  values  of  O'  oorrespoit- 
ding  to  sin 

It  is  not  an  easy  matter  to  solve  (4.>>11)  for  O'. 
However f  we  need  only  to  know  If  there  are  solutions  of  (4.  >11) 

In  the  range  0  i  O'  4  */2  for  n^  •  0.  We  will  tHaovi  that  there 
are  no  suoh  solutions. 

Sq.(4.>11)  le  easily  transformed  Into 


(4.>12) 


tan(R-l)^ 


_ _ Q  Bin/f  - 

Q  oos^»  A 

It  oan  now  he  shown  that  for  0^<0'^  %/2  the* Imaginary  parts  of  the 
left-hand  and  right-hand  sides  have  always  opposite  signs. 

Let  us  put  ^  ■  a  4  Ih.  It  Is  easily  proved  that 
In  [tan(H-1)fl  has  the  sane  sign  as  h« 

As  regards  the  right-hand  side  of  (4*>12)t  the  sign  of 
Its  ImaglnaiTy  part  Is  the  same  as  the  sign  of 


In  -Q  slnij  (Q*  oos| "  -  A*)J 


Iron  (3.44)  one  oan  derive  that  Q  Is  real  for  n  realf  so 


that  one  oan  write 


(4.>13) 


Im  ^-Q*sin  jf  (Q*  oos  ^  -  A*)  J  • 

•  ReCsin;^  )  In(oosjr )  -  Q*  Im(sinJ’)  Re(oo8p 
-  Q  ReCslnj^)  Im(A)  +  Q  In(Bin|r)  Re(A) 
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Prom.  (3*33)}  (3»23)f  (3*22)  there  follona  that  slnO  ts 
real  and  smaller  than  1,  and  therefore  coeO  is  real  and  positive; 
Y  is  real  and  positive;  ^  is  real*  Accordingly,  from  (4*>-8)  one 
has  ^ 

(4*3-14)  Re(coa|')  ■  cos  a  cosh  h  ■  oob  ^ 

(4. >-15)  Im(cos|')  ■  -  sin  a  sinh  b  ■  -  T  siny 

One  the  other  hand,  one  can  write 
(4*3-16)  Re(sln^  )  ■  sin  a  cosh  b 

(4*3-17)  Im(sin;j^ )  ■  cos  a  sinh  b 

Finally,  from  (3*44)  one  has  ® 

(4*3-18)  ®  Re(A)  ■  (1^  -  W^)  cos^»  n^  ^  cos  yj/ 

(4*3-19)  Im(A)  -  (W^  ♦  W^)  siny  -  ^(n^  +  y^)  siny 

By  introducing  (4*3-14)  to  (4*3-19)  into  (4*3-13),  one  finds 
Im  |-Q  sin  I"  (Q  COB  -  A*)J  ■ 


(4*>-20) 


With  the  help  of  (3.44)  one  derives  that 


Q  oos! 


ih^  ^ 


Accordingly,  and  recalling  that  Q  is  positive,  from  (4.3' -20)  one 
derives  that  in  general,  the  imaginary  part  of  the  right-hand  side 
of  (4.^12)  has  a  sign  opposite  to  h,  ^ile,  as  already  noted,  the 
imaginsury  part  of  the  left-hand  side  has  the  same  sign  as  h .  Ihe 
pg^r-bicular  case  b  ■  0  needs  not  be  considered ^  because  it  corre¬ 
sponds  to  sin  Jjf  ■  0  and  therefore  to  ■  Cg. 

As  a  conclusion,  there  are  no  poles  of  R^(0*)  in  the 
range  */2,  for  n^  ■  0. 

4.4  •  Ihe  asymptotic  expressions  of  the  fields. 


Turning  back  to  (4.1-4),  and  applying  the  principle  of 
stationary  phase,  «e  get 


(5.4-1) 


i  e 


-i«/4 


V®> 


Z  k  3in@  r 
0 


As  to  Ig,  defined  by  (4.1-5),  its  main  term  is  of  the  or¬ 
der  of  r“^^t  since  the  'stationary'  point  is  outside  0^.  According 
gly,  it  may  be  neglected  compared  sith  .  Thus,  by  introducing 
(4.4-1)  into  (4.1-3),  one  obtains 

,  H (©) 

(4.4-2)  sin-g-  T"  h 


and  then 


(4.4-3) 


•  ,  R  (0)  e^  , 
^(r,©)  2ldnQ  -r~(^^ir) 


Then,  by  standard  methods  (see  e*g.  Ref*1),  one  obtains 
the  following  e:]q)resslon  for  the  energy  dU  radiated  In  the  solid 
angle  dQ  ■■  Ra  sin  0  d6)  and  in  the  frequency  range  k,  k+dk: 


(4.4-4) 


dU 


cZ  k 
0 


)  I " 

sln^0 


2 


It  Is  an  easy  matter  to  verify  that  for  Q—>0  one  has  dU— •  0. 


5  -  Some  numerical  results. 

Bq.(3.43)  Introduced  Into  (4.4-4)  allows  to  evaluate  the 
energy  radiated  per  unit  solid  angle  and  per  unit  frequency  range, 
for  any  set  of  values  of  the  parameters  N,  n,  ,  kd,  P,  and  ®, 
However,  (3.43)  Is  too  complicated  for  a  general  discussion. 

Some  numerical  results  have  been  derived  In  the  parti¬ 
cular  case  N  ■  2,  n  •  1.5  (Pig. 5.1) 


Plg.5.1  -  The  two-fllm  target 


5.1  -  The  gain  In  the  Qerenkov  direction  over  the  system  with  0 

The  quantity  jR^|Vsln^0  was  e-^Q-uated  for  a  number  of 
values  of  the  conductivity  of  the  films  f  ,  of gt^e  Bfpaolng  kd  be¬ 
tween  films  (measured  In  wavelengths)  and  of  the  velocity  p  of  the 
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particle*  Tor  each  value  of  p,  Q  was  made  to  assume  the  value  oorre- 

✓ 

^ponding  to  the  direction  of  Cerenkov  radiation.  This  Is  simply  ob¬ 
tained  by  putting  (*)  pn  oosO  ■  4  1  In  (3«43)*  The  oorreeqpondlng 
values  of  9  are  derived  from  the  equation  (see  for  example  (4*1-7)) 

(5*1-1)  sin  9  m  n  sloO  ■  n  f  “ 

Tor  pn  ■  +  1  (that  Is  for  I  P|  ■  1/1*5)  one  has  (6)«  0;  for  P  ■ 

- — H.  '  '  _  • 

■  +1/ yn^-l  (that  Is  for  jp|  «  1/^1 .25  )  one  has  Q<"  x/2. 

The  evaluation  of  (3*43)  requires  a  limit  to  be  performed, 
since  T  has  a  pole  at  pn  cos  d  «  hh  1 .  The  result  is 


I 

(5.1-2)  —I 


2 

sin^  0 


eckZ 

0 

4x^n(n^-1 ) 


t2  .2  2 


p  n  -  1  f,(n,^,(^p,^) 


^ere 


S 


0 

± 

2n  p 


vk 


F- 


pV^-1) 


(the  upper  signs  hold  for  back  scattering^  the  lower  signs  for 
forward  scattering)  and  ^ 


(*)  Recall  that  back  scattering  corresponds  formally  to  positive 
values  o^both  cos  Q  and  p,  while  forward  scattering  corresponds 
to  positive  values  of  cos  Q  and  negative  values  of  p. 
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(5.1-3)  ■  64^^n^coB^^+  p^(n^-l)^  ^  ^(iw||-2jn)^  + 

+  8in^|)  ^(^P^)(n^-1)('|+ix+2^n)  -  4^n^(n  -^-2^n)J  ^  + 

+  2p^(n^-1)|n^-('i|^+2^)^|^(2-p^)(ii^-1)  +  4^n^J^sin^  cos  ^ 
(5.1-4)  f2(n»^f^»5)  ■  4n^(1j+2Sn)^  cos^4^  +  ^(/H+2nS)^  +  sin^^ 


Prom  (5.1-2)  (5.1-3)  (5,1-4)  one, obtains  immediately  the 
sain  Gr  of  the  system  shomx  in  Fig. 5.1  oyer  an  analogq^s  system  with 

y  =  0: 

f^(n,'H^,<j>,p,0) 


(5.1-5) 


where 


(5.1-6)  f^(n,')|,<|),p,0)  »  p^(n^-l)^<J)^(n-lj)‘^+  sin*V|>  (2-P^)'‘(n‘‘-1)^(i|+n)'‘+ 

®  +  2p^(n^-1)^(2-p^)(n^->|^)  (|>  sinc^  oos<^ 


,2v2,  .2  ,v2. 


and 


(5.1-7)  f2(n,ifj,<|>,0)  ■  4n^li^cos^«|>  +  (n^+'w^)^  sin^<^ 

^  • 

It  is  immediately  seen  from  (5.1-5)  (5.-1— 6)  (5.1-7)  that 
Gr  tends  to  infinity  for  0,  that  is  for  kd  '^O.  This  was  to  he 
expected,  since  the  radiation  of  a  system  with  ^  ■  0  tends  to  vap- 
nish  for  d  0. 

As  regards  the  hack-scattered  radiation,  the  gain  G  is 


.2  2^2  .„2j 
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{generally  larger  than  unity,  due  to  the  small  reflecting  properties 
of  the  system  with  If* ■  0.  It  is  interesting  to  note  that,  fdr  given 
values  of  p  and  G  is  a  quasi-periodio  function  of  kd,  with  high 
peaks  corresponding  to  kd/p  equal  to  a  multiple  of  n.  Ihe  conditions 
Pn  008  0  >■  1,  kd/p  •  m  w,  (with  m  Integral) yield  knd  oos  6  »  m  a, 
which  is  a  resonance  condition  for  the  back~ scattered  radiation* 

As  to  the  forward  radiation,  we  found  values  of  G  ranging 
from  infinity  to  a  limiting  value  smaller  than  unity  (Fig. 5*2  to 
Fig.5.5)*  The  high  values  of  G  for  smaj,!  values  of  kd  have  already* 
been  explained.  The  value  G  ■  1  occurs  at  about  kd/p  «  2a,  quite 
independently  of  ^  .Of  covirse,  the  smaller  ^  ,  the  wider  are  the 
ranges  of  the  other  variables  corresponding  to  G  C;'  1 . 


Iig.5*2  and  !5.3  -  Gajo  ^  2,  .  =  1 . ;  -  lines  of  constant  g^ln 
in  the  Cerenkov  direction,  for  =1  and  =5  respectively, 
Over  A  similar  target  with  ^  ° 


i'i,  .  3.4  md  5.5  -  Cace  I.'  =  2,  n  »  1.5  -  lines 
in  the  derenkov  direction,^  for  |Z  »  10  and  rZ 
OYer  a  siiSLlar  target  wit|  -^Z  m  0,  ’ 


of  oonatant  gain 
«»  20  respeotiyely 


intensity 


,  FiG.5.i5  -  Case  N  ■  2,  n  -  1.5,  p  ■  0.8  -  Badlation  pattern  for 
sotae  values  of  (j)  •  3n. 

-  32-^ 


9 


?rom  Pig. 5 *6  It  appears  that  at  <|>  ■  n  the  intensity  In 
any  glve^  direction  is  an  increasing  function  of  (except  in  the 
vicinity  of  y*ai  0).  This  seems  to  indicate  that  at  such  a  small 
spacing t  Cerenkov  radiation  has  but  a  small  importance ^  compared 
with  trEuasltion  radiation  which  Increases  with  ^  t 

Pig 1 5  *7  shows  that  at  2  x  the  intensity  is  only  * 

slightly  dependent  on  .  Ihis  result  generalizes  the  result  pre- 
cedingly  found,  that  the  gain  G,  defined  by  (5.1-5),  is  about  1 
for  ^  C:L  2  Tif  independently  of  ,  not  only  in  the  Cerenkov  di¬ 
rection,  but  in  all  directions. 

Pig. 5. 8  shows  the  behavior  at  ^  >  3  x.  Now  the  Inten.* 
sity  is  a  more  complicated  function  of  ^  .  She  over-all  tendency 
is  to  be  a  decreasing  function  of  .  Generally  speaking,  one  can 

V'  ^ 

say  that  Ce^^nkov  -radiation,  thou^  largely  affected  by  diffraction, 
is  now  more  important  than  transition  radiation.  However,  by  in¬ 
creasing  If  ,  a  larger  part  of  power  is  lost  by  Joule  effect  on 
the  films. 

In  order  to  investigate  the  dependence  of  the  radiation 
pattern  on  the  film  spacing  we  can  refer  to  Pigs. 5. 9  to  5.12.  It 
appears  -that  at  low  conductivity  (  2^  ■■  1)  the  half-power  beais- 

-wldth  is  practically  independent  of  (j>  •  Ihis  result  however  is 
proved  only  for  the  small  values  of  considered  (recall  that  9 
^  ■  3  X  corresponds  to  d  4  3  V2,  precisely,  to  d  ■■  1.2  X). 

•  By  Increasing  jf  ,  the  rlidiation  pattefta  becomes  sharper 
in  the  vicinity  of  the  Cerenkov  direction,  when  6  increased.  Ihls 
effect  is  probably  due  to  interference  of  the  Cerenkov  radiation 
wl-th  transition  radiation. 
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0*  fO®  80*  aO»  AO*  50»  60*  w*  80*  90*  8  0*  <0"  eo*  30*  40*  50*  60*  nr  80*  90*  9 

and  5.10  -  Case  H  =  2,  n  =  I.5,  p  =  C.£  -  The  radiation  pattern  for  some  values  of  ^ 
equal  to  1  and  5  rerjpeo lively. 


Fl€f«5*11  and  5»12  —  Caae  N  »  2»  n  »  1»5t  p  »  0.8  -  The  radiation  pattern  for  aoae  va¬ 
lues  of  ^  ,  for  ’fZ  oqual  to  10  and  20  reapectlvely. 


5*3  -  forward  radiation  pattern  fron  a  teiwfiln  target* 


Stie  radiation  pattern  haa  l)een  evaluated  in  the  case 
H  ■  10,  n  -  1.5,  p  -  0.8,  for  ^  >  «,  2«,  3ii  and  ^2^  -  0,  1,  5, 
10,  20.  Xhe  angle  O'  waa  aade  to  ranr  fron  0°  to  SO^by  10*^ 
atepa,  except  in  the  range  50^  to  60^,  idiere  it  varied  by  1° 
atepa.  (Seoall  that  the  Cerenkov  direction  oorreaponda  to 

spite  of  thia  fine  dlviaion  of  the  0'.>range,  the 
radiation  pattern  cannot  be  plotted  with  great  accuracy  for 
^  2^  /  0,  alnoe  it  turns  out  that  a  still  finer  spacing  would 
be  needed.  However,  the  following  results  can  be  given,  which 
in  any  case  must  be  understood  as  pesslmdstio. 

1)  for  one  and  the  same  value  of  ^  ,  the  main  lobe  becomes 
weaker  when  the  film  conductivity  increases  (fig.  5.13)  •  This 
is  presumably  due  to  'Uie  fact  that  the  power  lost  by  Joule  ef¬ 
fect  on  the  films  increases  when  the  conductivity  increases. 

2)  for  one  and  the  same  value  of  ^  ,  the  lobe  b'eoomes 
narrower  idien  the  film  conductivity  increases.  In  fig.  5.14  we 
report  as  an  example  the  main  lobea  corresponding  to  the  various 
values  of  I' 2^,  for  ^  «  3k,  with  maxima  normalized  to  unit. 

In  the  figure,  the  values  of  the  halfrpower  beam-widths  are  Im- 
dioated. 

6  -  Oonolusion 


Due  to  the  complexity  of  the  ea^resslon  (3.43)  of  B^, 
conclusions  can  be  derived  only  in  the  two  oases  K  ■  2  and 
N  >  10  for  which  numerical  calculations  have  been  carried  out. 
In  the  case  H  >  2,  we  have  found  that  the  effi- 
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Pig. 5. 13  -  Caae  H  •  10,  n  -  1.5»  P 
level  ▼ereus  bX  **,  j»» 


ol0no7  of  a  atruoture  oharaoterized  l>j  a  glren  value  of  the 
film  oondnotlTltj  le  hatter  than  the  effiolenoy  of  an  azialo- 
gous  atruoture  with  yanli^ing  fUa  oonduotlvlt7tonl7  if  the 
thlokneaa  of  the  dleleotrlo  layer  la  leaa  than  one  wave¬ 
length  -  a  oondltlon  ziot  eaay  to  realize  at  auhmllllmetrlo 
waveleugtha* 

A  more  encouraging  reault  regarda  the  half-power 
heata-wldthf  which  turned  out  to  be  a  deoreaalzig  function  of  the 
film  conductivity  t  leaat  in  the  range  for  which  numerical 
caloulatlona  have  been  cajoled  out  . 

In  this  connection,  the  results  obtained  when  5-2 
are  not  Indicative,  since  too  small  value  of  the  overall 
i  thickness  are  Involved  and  the  effect  of  diffraction  la  therefo¬ 

re  very  pronounced*  With  N  >  10,  we  found  that,  for  ■  3k, 
the  half-power  beaoHWldth  varies  from  about  12  degrees  to  less 
tiian  1  degree  when  varies  from  0  to  20* 

Of  oourae.  In  order  to  discuss  the  application  of 
this  result  to  practical  problems,  like  the  measurement 
of  particle  velocity,  other  numerical  calculations  would  be  re¬ 
quired*  Tor  Instance  a  determination  of  the  radiation  pattern 
for  a  nunher  of  values  of  p,  and  for  fixed  values  of  the  other 
parameters  ,  would  be  deslderable* 

In  conclusion,  even  the  few  numerical  results  obtained, 
^  seem  to  Indicate  that  a  system  of  the  type  Investigated  Is 

not  very  suitable  to  produce  submllllmeter  power  with  reasons^ 
ble  efficiency*  In  this  cozmeotlon  the  passage  from  the 
below- threshold  case,  discussed  In  a  previous  report  (^),  to 
the  above-threshold  case  Is  not  so  favorable  as  ml^t  have 
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t)e«&  aturnisad  • 

iny  «ayt  ba  Intairaatlnf  feature  of  the  radiation 
In  t)ie  abOYe-threahold  case  la  repreaented  by  the  poaalbUl- 
ty  to  obtain  ooaparatlTely  narrptt  beaa>«ldtha  at  oertaln 
waTelengtha*  Xhla  property  oould  perhapa  be  exploited 
for  the  meaaurenent  of  partlole  velooltlea* 


